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equation of variably saturated flow

CHEN Xi', YU Yu-zhen’, CHENG Yong-gang®
(1. School of Civil Engineering, Beijing Jiaotong University, Beijing 100044, China;
2. State Key Laboratory of Hydroscience and Engineering, Tsinghua University, Beijing 100084, China;
3. State Key Laboratory of Water Resources and Hydropower Engineering Science, Wuhan University, Wuhan 430072, China)

Abstract: Variably saturated flow theory is the fundamental theory of geotechnical engineering; and it has wide applications to
seepage of earth rockfill dam, contaminant transport, seepage and phase transformation of frozen soil, and slope stability analysis. In
numerical solution of Richards equation for variably saturated flow, inappropriate computation of some parameters, particularly for
the hydraulic conductivity, may lead to convergence oscillation of nonlinear iterative methods such as Picard method or Newton
method, and consequently result in slow convergence and inaccurate solution. To eliminate or reduce the influence of iterative
convergence oscillation, the under-relaxation method is often employed. By using 1D problem and 2D heterogeneous earth dam, the
limitations of available under-relaxation methods are demonstrated. Furthermore, a novel short-term mixed under-relaxation method
is proposed with verified practicability and reliability.

Key words: variably saturated flow; Richards equation; finite elements; iterative convergence oscillation; under-relaxation

FHIB W45 A8 FE ARG 5 10 20 W 7 5P, W g 4 R 2
WY, ARARS I AR T (v S 3 R A
Rl 4 REE G R A BENREmE T, TR

1 5 5
AEHA B VR 2 AR - S A R 1

—ANHIY JER Sy, Richards 7 FESE AR AN 50
HRMIEA TR, AU S, %
TS A AR A A S M i S A T2 I Y,
F, B, 754 AE R 5 AR - TP T R A
J7 FEwl LUl i Richards 5 B AR YT O RE S
B % TBRE R R R, H TR

Wk H . 2002-05-28

Richards 7 FEEUE KAk VA I RAT 70 B

=\,
=]
ANy o

B Richards 75 R B R A 3oL R £ 44 ol 1)
B, BTN G CATTIE T HISRHIBTTT, i as bl
WS T AEAS SR AR R b S TR % (1
F AR LA AR AR FLBR A7 T 551 45 S0 A H e

HETH: HxRARREEES R E (No. 50879039); 973 iFRIULE ¥ (No. 2010CB732103); 1 s i3 AR 45 2 1 1508 4 % - (No.

2011JBM070).

BAEF RN BRI, 53, 1977 4R, ML, mIEeR, FENEEE LURBREUEE S ES D TIPS, E-mail: chenxi@bjtu.edu.cn



238 = +

i 2 2012 4F

L, IS SEBR R IS IS, I RRIX
—IGHEH T AR ARFR R A BT . Richards J7
T2 ) BRI F) 22 00 J, —FEmT R AR Rk AR
Ji R R A A — W )28 ot L) R, i IR i
4 Picard 14871 Newton %483, Mehl®ha it b
% Picard #4032 F1 Newton #£403%, 75 H1 5 Newton
EARIEAILE, Picard [45 R S Nfa a2k,
HORI K i G A28 (RNSE R BD HATRARIT)
LR MEREAE, 2 S ECH M Richards 4 B T 5 FE I
SR ZEM EEER 2 —, —LiF A 2R R
AR E AR K 2% Richards A B IT 7 R K gk
fit. Williams 250k, JEMANISHAS R (WK )y
K3k AR /N2 () R J I T 0 R P R R A 4k
&5 Richards 17 7o 7 FE AR 2R M 5 o A SR i I
(10 R DA, T R T R ORISR g 7 vE R
AR AV AR R T AR R % Richards AR
JCIT R M AR L PE R SIPE, FERIF A [ 1) A2 45 T
o Miller Z5BHR 5L 458 2 P 1 4 1 3 7 SRS
W JL A B T Richards o5 R 625 1] 25 BORIT [R) 22
53, HE A AR 0] [ 38 R SR AR T %

1F Richards J7 P2 AR L FE T, REse 24y
JEH KIS R, T B Kt
(under-relaxation) %, AN[H] IR R KA gt i % JE A A1
5 U B SR SRR FE R R L W
M0, A B AR A (R A R A T R ot
I, A AR AT R KA S T VR ST T
B, ARSCE B S T A RAA S I R B
P, SR FB IR A KA T, RIS A
FIATSEE AT T 500

2 JAEMIFIB A Richards A TR G 7 FE

S Z MR RE, BT 159 Richards 75 f
CATAE 3 PR AR 2, RIH Jy 7K Skt =X Ch-form)
A% X (mixed form) FIAAFA S 7K k% 20 Ca-form) .
SR AR Richards 5 FE#7 UE 52 HAT ™ 4 i
SPREIRRE, e 977K kA% 2L Richards 77 #7558 B
TR N A3z

B A4 20K Richards J7 fE &k 0K

9:V-[Kv(h+z)]+s(x,t) (D
XA 0 WAEBIEIKER, 0=nSt, n k2K
LB, S¢ WA MAE; s APFEILI; K =

KsKi(@), K(O)WAIXBIZE K, NA BB oF)
PR Ko WHIFIEIE /K S (X, )e2x (0, T

RIS T 35 T Mualem™5g Sk
L% ol
((6)=kk (6)

m 72
k (9)=6 [1—(1—@]/%) }
s ks AWK I3 R EG A7 RN 3 sihn e

87k 2 @ W] i van Genuchten™5E X i) +-- /K UEE1E
Mgk i, B

o(h)-6, .
67 ~(L+fah*) ", (h=0)

(2)

(3
Cth>0

s W AEIIKk: 0. G G 53 MR E/KE
RIS KR ARG KA as nys my 582K
AEG my R my = 1-1ny.

AR LU A7 A s (B - ZKR Ak - 2 K 3 50 -

n(h)=d@/dh=m,y, 4

A my - ZKERIE IR R IR w0 7K IR A
R
FIH L (4), #4301 F£IRx M h-form [¥) Richards
ke, Hp
n(h)h=V-[KV(h+z)]+s(xt) (5)

Fal (5) N Galerkin AnAR RV, it 4sa)
BRI I [R) 22 43 5 AT 45 h-form [¥) Richards & FR ¢ 7
i

(M, +At

=M, h +At_ b, (6

n+l n+l n+l n+l ~n+l

Cn+l)h

K AR n RORINTEZETRRS; My C 58 &N
JO R R B RN K ) A% SRR AR B, A S 5 G
Me+ Ce ZH 251 ik«

M :ZMe:ZL%n(h)NTN do

(D
C=>C,=>],B'KBd2

A Ny B 20 al A T B ECE R S SR . £
U b =s+g+f, Hr

s=2s,=2[,N'sd2

9=>.0,=>-[,B'KVzd2 =-Cz (®

f=3"f=>[wN"(Vh+Vz) K-ndr

b 2 AW RRRER R n NI RLIR R



W1

MR mEsE: dEMEANEIR Richards R AU SRR I R 5t 5 12 239

A (6) P EIEATE X SRR M IE Picard (X
H40 o8 mPicard) &AL, FoRwi R

J° hn+ m 5hn+ ms1 = Tsam
( 1 ) 1m+1 1 } 9)
hn+1,m+1 = hn+1,m + 5hn+1,m+1
Ak
J° hn+m =Mn+ m+Atn+Cn+m
(Man) " L (10)
r.n+1,m =J i hn+1,m - Ivln+1,mhn - Atn+1 bn+1,m

4 (9) Ay —ard 37 Bk R v L
e (N = J I8, mPicard 48 Newton #24¢
%

3 ARZMEIRAC S S KRR st g7

R AR, () s — UKt R R
R T S L NS 2 K s 7Kk

kn+1,m = kskr (Hml,m) (11)

4 Tan ZPYOHE5T, b, =ho. 1 KD
165 RECKH M ar im0 . M Ers b 1 Kk
HEAT VRS, X ARAE FH AR st ¥ 7352 URO. 4R
M, ERATH s I R KSR v 5K 4
SRAMRESTRME 1 Rk RREGE .
Phoon 2O X A AR SIE IS AT T 20 #T
IWHh FIREG IS & K i 3 REAIRE R E T
HAM R . h T BRAIEARIC SRR 355 % K Al h 52
AT ERCR I, A RS YRR T % .
SR FH A I [0 25 48 R 4 R 7K Sk b 5 i i fa]
A M HNE RS I R 1K Sk ¥ b, SRR
T R 50, B

ﬁni+1,m = (hrl1 + hri1+1,m )/2 (12
XRPOTVERR A URL Jrik. BT URL J7 &
B, wEAE GeoStudio H ) SEEP/W K H
Tix—77vk. Tan 2P0 Phoon 2145 BIaFL T 3
PSRN R At 77, B3RP UROL URL AR [
() UR2 J7¥2::

hi
hn+1,m

=(Nyps +hiin)/2 (13)

n+l,m

IXHL, UR2 J5 7R Y 24 i IR TR) 25 foedls 1 AR
DI I ACK IR VSR T4 5 2 8 Al AT TE
o YESLIA H “UR2 5 SEAE AR R A S DL B RE
g2 MRS IR s 17K k3, 10 URL RV LS
e, 45 SR AR 8 T A e 4518 . R —

BB 1 m B I AA  TER  2 T A R
K ANBIERL, BAASHOLEEY 5.1 B, KB 1
45 10 OGRS —gEIRE RS IITAAER, B
RNT URL HFDsik O B v s 2 s, HIL
WS A (Z1°4-8.0 m) B B4R 725 T g AT i%-0.021 6 m.
UR2 F1 URO #BRENCSA B A R IAR, {H UR2 AH
X URO Bk A4 ¥ 1 1R o
7R UR2 FIl URO KAN S 2/ E R ik ARIEATIAFAE
Bl Ze IEAf R s ARIEIGE I, IE &t T I Fhik
RRULSE % 53T Picard B Newton 25 JE4; PEiA AL
T3 MU S 2 1 RS A S AR 55 B A1 i i

10r
0.0 -'V\M/\N\/‘
-1.0 |
E
= 204
X &~
% 30700
R /
B 40
= f
— 1
. 50
©
< 60
~ URO
-0 —— URL
,s_of — — UR2
,90 1 1 ]
0 50 100 150

AR HUY

B 1 3 RMATIEEMT Picard JrERBSHRMEUT A

Fig.1 Convergence behaviors of Picard iteration
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